Thirty years ago E. Altman proved that every convex n-gon (n > 3) has at least [n/2] different distances between vertices and that a convex n-gon for odd n has exactly (n -1)/2 intervertex distances if and only if it is regular. We prove that a convex n-gon for even n > 8 has exactly n/2 intervertex distances if and only if it is a regular n-gon or a regular (n + l)-gon with a vertex removed. Three hexagons have exactly three intervertex distances, and four quadrilaterals have exactly two intervertex distances. Moreover, 15 pentagons have exactly three intervertex distances, and five heptagons have exactly four intervertex distances. The latter five are the regular octagon minus a vertex and the four dissimilar versions of a regular nonagon with two vertices removed.
Introduction
Many years ago Erd6s [3] conjectured that every convex n-gon (n vertices, n sides, IZ z 3) has at least [n/2] different distances between vertices. Altman [1, 2] proved this and noted for odd n that [n/21 is attained only by regular polygons. He remarked also that for even n both a regular n-gon and a regular (n + l)-gon minus one vertex have exactly n/2 intervertex distances. This paper completes Altman's remark by identifying all convex n-gons for even n that have exactly n/2 intervertex distances. We also consider for odd n the convex n-gons that have exactly (n + 1)/2 intervertex distances, one more than the minimum. We solve this only for n E {3,5,7) but note that the n = 7 result suggests a plausible solution for odd n > 9.
The following proposition is a consequence of our results for even n in conjunction with Altman's theorem. Proposition 1. For every n > 7 there is a largest nonnegative integer f(n) such that every convex n-gon with no more than in/21 + f(n) intervertex distances has all n vertices on a circle, and these vertices are among those of some regular polygon,
Our results and a few other observations show that f(7) = 1 and f(8) = 0. An upper bound on f(n) is noted at the end of the paper. We conjecture that f is unbounded.
To state our results let %n for n 2 3 be the class of all convex n-gons in the plane. The Euclidean distance between points x and y in the plane is d(x, y). We write C = D if polygons C and D are similar, i.e., if D can be mapped into C by rotation about a point, reflection about a line, translation and uniform resealing. We say that a subclass of gn contains N polygons if there are C,, . . . , C, E 5Z,, such that Ci * Cj whenever i # j, and the subclass consists of all C E IZ',, such that C = Ci for some i. Such Ci form a system of representatives for the subclass under the similarity equivalence relation.
A regular n-gon is denoted by R,. A regular n-gon with k G n -3 vertices deleted, which is in %?,, _ k, is denoted by R, -k. When k > 2, dissimilar versions of R, -k are obtained by removing different combinations of vertices from R,. If the vertices of R, are labeled 1 2 9 Ye.., n clockwise, the set of all R, -2 for fixed n > 5 contains N = In/21 polygons with Ci given by the removal of vertices 1 and i + 1 for i = 1, 2,. . . , [n/21.
Suppose C in 'Zn has vertex set (1,. . . , n). We define m(C) as the number of different intervertex distances in C: Theorem 1 (Altman) . For every n > 3, m(C) > [n/2] for all C E S?Yn. Zf n is odd then M,,((n -1)/2) contains 1 polygon, R,. Fig. 1 . For every even n > 8, M&t/2) contains 2 polygons, R, and R,+l -1.
Theorem 2. M,(2) contains 4 polygons, and M,(3) contains 3 polygons: see
Our figures use ->---9 .*., and so forth to denote different distances, and we shall partially identify specific polygons by their multiplicity vectors. The multiplicity vector for C E Z?,, with m(C) = t is r = (rI, r2,. . . , rl), in which rr >/ r2 > . . . & r, > 1, Cri = (i), and each ri is the number of times a particular distance occurs between vertices.
We omit the straightforward proof for M, (2) in Theorem 2. The M, (3) proof is in the next section. Section 3 presents the proof for n > 8. Sections 4 and 5 prove our next result for n = 5 and n = 7 respectively. The result for n = 7 suggests that for odd n 2 9, M,,((n + 1)/2) contains (n + 3)/2 n-gons, namely R,, 1 -1 and the (n + 1)/2 dissimilar versions of R,, 2 -2. We conclude this introduction by listing special notations and lemmas that are used repeatedly in the proofs.
Let X, y, . . . ) z be distinct points in the plane. Then x=~(Y,...,z) or x=dy "'2 means that each of y, . . . , z is the same distance from x. When d(x, y) = di, we often write xy = d, and say that xy is di. By similar abbreviation, xy > (> , =>zw means that d(x, y) > (2, =)d(z, w). The perpendicular bisector of line segment xy is I *y. If the lines that contain segments xy and zw are parallel, then xy II zrv; otherwise, xy H zw. The triangle with vertices X, y and z is A(x, y, z) or Axyz, and its interior angle at y is & xyz. Angles are usually denoted by lower case Greek letters. A circle is denoted 0, and the unique circle through x, y and z when they are not collinear is 0(x, y, z) or 0 xyz. Suppose n-gon C has vertices 1, 2,. . . , n labeled consecutively clockwise or counterclockwise around C's perimeter. Then (i, i + 1,. . . , j) is the convex polygon whose vertices are the consecutive vertices of C from i to j inclusive, going from i in the ( direction of i + 1. By this notation, C=(l,2 ,..., n)=(n-1, n-2 ,..., n>= (5, 6,. . . , 4) , and so forth. The number of vertices of subpolygon (i, i + 1,. . . , j> is I(i, i+l,..., j)l. When C's multiplicity vector is (rl, r2,. . . , rt), each ri corresponds to a dj, but not necessarily in the same order. For example, the shortest distance d, could have maximum multiplicity rI.
There are a number of elementary facts of plane Euclidean geometry that we refer to collectively as Lemma 0. Specific pieces of Lemma 0 used later include: (0.1) three noncollinear points lie on exactly one circle;
(0.2) two distinct circles intersect in at most two points;
(0.3) if x, y, z and w are vertices of a convex polygon listed in sequence clockwise (no more than one revolution), and if xy = yz = zw and xz = yw, then w E 0 Xyz; (0.4) I xy passes through the center of every circle that contains x and y;
(0.5) Z=dXy=ZEIxy;
(0.6) zy < Z.X e z is on y's side of I XY; (0.7) the sum of the lengths of the diagonals of a quadrilateral exceeds the sum of the lengths of two opposite sides;
(0.8) if x, y, z and w are distinct, and z and w lie on the same side of the line containing xy, with XL = yw and xw = yz, then xy (1 zw; (0.9) the relation I[ between line segments is transitive;
(0.10) if x, y, z and w are four vertices of a convex polygon, and z and w lie on the same side of xy, then z =dxy and w =dxy are jointly impossible.
For clarity, we sometimes refer to a piece of Lemma 0 by its (0.k) designation.
Lemmas from Altman [l] are central in some of our proofs. A side v of a convex polygon with intervertex distances d, > d, > . . . is max if xy = d, and is uniquely max if xy = d, and no other side or diagonal has length d,.
Lemma 1. If a side of convex n-gon C is max, then m(C) > n -2. If a side of C is uniquely may, then m(C) > n -1.
In our other two Altman lemmas we denote the n vertices of convex n-gon C by 1, 2,..., n consecutively around the perimeter. Lemma 2. Zf (1, n) is uniquely max and m(C) = n -1 then (k, n -k + 1) = d2k_1 for k = 1, 2,. . . , [n/21, and (k, n -k + 2) = (k -1, n -k + 1) = dzk-* for k = 2, 3,. . . ) l(n + O/21. Lemma 3. If (1, n) is max and m(C) = n -2, then (k, n -k + 1) = d,,_, for k = 2, 3,. . . ,ln/2], and (k, n -k + 2) = (k -1, n -k + 1) = d2k_3 for k = 2, 3,. . . ,
The lemmas are illustrated in Fig. 3 .
Theorem 2 for n = 6
We apply the preceding lemmas to determine M, (3) . Assume that n = 6 and m(C) = 3 = n -3. We label C's vertices as 1 through 6 clockwise. Lemma 1 implies that no side is max. This requires 23 = d,, which contradicts 23 < 24 by Lemma 0 (1 = ,34). So if either 35 or 15 is d,, so is the other and we get A,.
Continuing with 13 = d,, suppose 15 = 35 = d, (Fig. 4 , right). Then triangles 365 and 145 are congruent, so 13 1146 and 16 = 34. Since 34 < 35, 16 = 34 = d, as shown on the figure. This implies that 1, 6, 5, 4 and 3 are on a circle [see (0.3>] with center slightly below the intersection of 13 and _L r3. Let (Y = &645. The other angles labeled (Y follow from congruence and parallelism. The three angles labeled p are the same by congruence and the fact that 4654 = 4543 with two (Y'S in each as indicated. By A654, 4a + p = r, and, by isosceles A134, /3 = 3a. Hence 7a = 7~, so the interior angle of C at each of 4, 5 and 6 is 51r/7. This says that 1, 6, 5, 4 and 3 are consecutive vertices of &. 6 5 This leaves vertex 2 for the right picture of Fig. 4 . If 2 E .L r3, 23 < 24 < 25 since the center of the 0, that contains the other five vertices is on I t3 below 13. But then (23, 24) = cd,, d,), which forces 2 to be on 0, above 3 to the right of I r3. Therefore 2El.13. Assume for definiteness that 2 is left of I r3. Then 21 < 26 < 25, so (21, 26) = (d,, d,) and 2 is on 0, above 1. It follows that C = R, -1.
Suppose finally that d, never holds between two vertices adjacent to a third vertex. Assume for definiteness that 14 = d,. By hypothesis, 14 is uniquely max in each of (1234) and (4561). Lemmas 1 and 2 applied to each quadrilateral yield 13 = 24 = 15 = 46 = d, and 23 = 56 = d,, so also 23 II 14 1156.
Suppose xy = d, for no pair other than 14. Remove vertex 4 to get m((56123)) = 2. Then (56123) = R, by Theorem 1, and this contradicts 23 (156. Hence another opposites diagonal has length d,. Let it be 25 (Fig. 4, bottom) . By analogy to our analysis for 14 = d,, 25 = d, implies 24 = 35 = 26 = 15 = d2 and 34 = 16 = d,. It follows that 12 1145 and 15 1124, so 1245 is a rectangle with 12 = 45. If 45 E {d,, dJ, 3 and 6 would be inside the rectangle, thus violating convexity. So 12 = 45 = d, and it follows that C =R, . We have shown that M,(3) contains precisely the three polygons noted in the middle of Fig. 1 .
Larger even II
We are to show that M,,(N) contains precisely R,, and RzN+, -1 for N = 4, 5,. . . . By removing a vertex from C E M,(4) and then adding a vertex convexly to the resulting heptagon, it is easily seen from M,(3) = {R,} and M,(4) = {Rs -1, four dissimilar versions of R, -2) (proof in Section 5) that C is either R, or R, -1.
The following assumptions and conventions will be used in our general proof for M,,(N), Na 4. We assume without loss of generality that 1N = d, whenever C has more than one d, segment from 1. Our general proof divides naturally into two parts:
Part I: (1, N + 1) is the unique d, segment from vertex 1; Part II: d(1, N) = d(1, N + 1) = d,.
We obtain C = R,, from Part 1 and C = R2N+1 -1 from Part II.
Part I
When ( k -j 1 = N, we refer to vertices j and k as opposites and to segment jk as an opposites segment. Two opposites segments are adjacent if their vertices are the endpoints of two sides of C.
We assume for Part 1 that (1, N + 1) is the only d, segment for vertex 1. By Assumption 1, no other vertex has more than one d, instance.
Lemma 5. Every d, segment in C is an opposites segment. Every opposites segment is a d, or d, segment.
Proof. The first assertion follows immediately from our assumptions and the Lemma 4 proof procedure. Consequently, if an opposites segment is d,, it is uniquely max in each of the (N 't l)-gons in C that use it as a side and, by Lemma 1, each of those (N + l)-gons uses all N di. If an opposites segment is d,, it is max in each of the (N + l)-gons that have it as a side and, by Lemma 1, each of those (N + l)-gons use all di for i > 2.
Suppose j Q N and ( j, N + j> is d, or d,. Then, by Lemma 2 for the d, case, and Lemma 3 for the d, case, applied to each (N + l)-gon, we get d(j,N+j-l)=d(j+l,N+j)=d(j,N+j+l)=d(j-l,N+j)=d,, d(j+l,N+j-l)=d(j-l,N+j+l)=d,.
Therefore N+j=,(j-l,j+l), so d(j-l,N+j-l)>d(j+l,N+j-l)=d, since N+ j -1 is on the same side of I j_l,j+l as j + 1. Hence d( j -1, N+ j -1) 2 d,; similarly, d( j + 1, N + j + 1) > d,.
We conclude that each adjacent opposites segment of a d, or d, opposites segment is also d, or d,, hence that all opposites segments are d, or d,. 0
The results of Lemma 5 in conjunction with further applications of Lemmas l-3 to every (N + l)-gon that uses an opposites segment as a side imply that every side of C is a dN segment and every diagonal of C whose vertices are adjacent to a third vertex is a dN_ 1 segment. It follows that all vertices are on a circle L(O.3) of Lemma 01 and, since they are evenly spaced, that C = R,,.
Part II
We now assume that d(l, N) = d(l, N + 1) = d,. Let Lemma 8. Let V={N, N+l,... ,2N, 1) and let 0, denote the circle specified in Lemma 6 that contains V. Then k E 0, for each k E (2, 3,. . . , N -l}, and C = Rz,..+ 1 and, since I(uZ,uZ + 1,. . . , 1) I > [(N + 1)/2], we again get d(k, 1) < dN. It follows that k E 0, for every k E (2, 3,. . . , N -l}. If kl = di, i > 2, then as we proceed counterclockwise from 1 through V the successive distances from k are di-l,di-l,..., d2,dl,dl,d2,*.., so each k has instances of d, to adjacent vertices in V.
Since N = ,(l, 2N) and 1 =d(N, N + l), this leaves N -1 pairs of adjacent vertices in V whose two members have d, to a point above 1N on 0,. Since 1{2, 3,. . . , N -1) I = N -2, N -2 of those N -1 points must be 2, 3,. . . , N -1, and we conclude that C=R,,+, -1. 0
Proof of Lemma 6. We assume that 1N = d, and that (1, N + 1) and (2N, N) are the unique d, segments in C, and C, respectively. Lemmas 1 and 3 for C, and 1 and 2 for C, and C, give
and so forth: see The following lemma in the spirit of Lemma 0 will help show that the vertices in Fig. 5C lie on a circle with distance dN between adjacent vertices.
Lemma 9. Let x, y, u, z and w be counterclockwise successive points on a circle 0, with v midway between y and z. Suppose the chord of 0, through v that is parallel to xw is no longer than xw. Let p be the interior-direction point on I YL that satisfies d(y, p) =d(z,
P) =4x, w).
Then the perpendicular to the line through x and w that contains p intersects the line through x and w between x and w.
Proof of Lemma 9. Assume 
we have (K, K -2) = d,_, and then (K -1, K -2) = d,,,. Therefore triangles (K + 1, K, K -1) and (K, K -1, K -2) are congruent, so K -2 E 0,. Symmetrically,
Lemma 9 with (n, y, z,w,p)=(K+3, K+2, K+l,
Then triangles (K + 3, K + 2, K -2) and (K + 2, K + 1, K -3) are congruent, so K -3 E 0,. Symmetrically, K + 4 E 0,. Moreover, K -3 is d,, dN_ 1 and dN_ 2 from K -2, K -1 and K respectively.
We continue up the figure in a similar manner. In the next step, (K + 2, K -4) > (K + 2, K -3) = d,_ 4, (K + 2, K -4) > d,_, is impossible by Lemma 9 applied to (x, y, z, w,p)=(K+4, K+3, K+2, K-3, K-4), so (K+2, K-4)=d,_,. Suppose N is odd. Let K = (3N + 1)/2: see Fig. 6D . Let 0, be the circle containing K+l,KandK-l.Since(K-l,K-2)<(K,K-2)=d,_,,wehave(K-l,K -2) = d,, so K -2 E 0,. Symmetrically, K + 2 E 0,.
Congruence of A(K + 4, K + 3, K -3) with

Next, (K, K-3)>(K, K-2)=d,_,, so (K, K-3)>d,_,.
If (K, K-3)= d,,_ 3, Lemma 9 with (x, y, z, w, p) = (K + 2, K + 1, K, K -2, K -3) yields the contradiction that K -3 is left of K -2, and it follows that
The rest of the proof for N odd is similar to that for N even. 0
Proof of Lemma 7. Given (1, N) = (1, N + 1) = d,, we show that (1, N + 1) is the only d, segment in C, = (N + 1, N + 2,. . . , 1). The proof for C, is similar.
Our initial configuration from the first paragraph of the proof for Part II is shown in Fig. 7A . To prove the claim of Lemma 7 for C,, we suppose that C, has another d, segment and obtain a contradiction. Suppose xy is an unlined segment on Fig. IA for C,. If Ix, y) E {l, N + 2) then C has at least N + 3 vertices clockwise from x to y or counterclockwise from x to y, so xy = d, gives a contradiction by Lemma 1 to C E M,,(N).
We suppose henceforth that d(1, N+ 2) = d,.
Since 1(1,2,..., N + 2) ( = N + 2, Lemmas 1 and 3 augment (2N, 2N -1,. . . , N-2)) =N+3.And(2, N-l)<& N-1)since N + 2 =&, 2). Suppose in fact that (1, N -1) < d,. Then (1, 2,. . . , N > has no d, segment and uses exactly the N -1 different distances d,, d,, . . . , dN with unique max(1, N) = d,.
We can then use Lemma 2 on (1, 2,. . . , N) to force additional known distances, namely (1, N-l)=d,, N-l)=d,,(2,  N-2)=d,,...,(K-1,  K+2) , and it follows from these that (1, 2) < d,, a contradiction. We conclude that (1, N -1) = d,.
Although the two preceding paragraphs focus on matters clockwise from 1, a similar situation holds when we go counterclockwise from 1 around the bottom of Fig. 8A . Under this orientation, the conclusion of the preceding paragraph translates into (1, N + 3) = d,, We therefore assume henceforth for N even that sides d,,,, d, and d,. Since Lemmas 1 and 3 applied to ( sides dN, d, and d,, and therefore N + 2 E 0,. Then N, N + 1 and N + 2 are all on 0,. However, since vertex 1 is equidistant from all three, this implies that vertex 1 is the center of Or, which is absurd. We have thus arrived at a contradiction when N is even. When N is odd, so that Fig.   8B applies, we obtain the same contradiction under straightforward modifications that account for the slightly different arrangement at the top of the figure.
This concludes our proof of Lemma 7. 0 Because i&,(N) contains a third polygon in addition to R, and R, -1 when N = 3 (see Fig. 11 , the preceding proofs of this section do not fully apply to this case.
However, they apply for all N > 4. Moreover, lest there be any question about N = 4, we have noted at the outset of the section that separate verification for N = 4 follows almost immediately from the result for M,(4) proved in Section 5.
Pentagons in M,(3)
We begin our proof that M, We consider Parts I, II and III in sequence. As in Fig. 10, we use a solid line for d,, a long-dashed line for d,, a short-dashed line for d,, and a dotted line for d,.
Part I
With 13 = d,, Lemmas 1 and 3 give the distances configuration of Fig. 11A . We partition Part I into three cases:
Case A: 14 is the only d, in (4, 5,. . . , l), 37 is the only d, in (3, 4,. . . ,7);
Case B: 14 is the only d, in (4, 5, . . . , l), 37 is not the only d, in (3, 4,. . . ,7); Case C: 14 is not the only d, in (4, 5,. . . , l), 37 is not the only d, in (3, 4,. . . ,7) . = d,, so 1, 7 ,. .., 3 are equally spaced on a circle whose center lies between 13 and 14. Suppose for definiteness that vertex 2 is on or left of I i3. If 2 is left of _L i3 < d,. If 16 = d,, we get the contradiction that 1,3,. . . ,7 lie on a circle with centers at 1 and 3. Hence 16 = d,: see Fig. 11C. Suppose 17 = d,. Then the five d, segments and the five d, sides determine the hexagon up to similarity transformations, and in this case it turns out that 16 < 74, a contradiction. Hence 17 = 34 = d,. Ignoring alleged d, segments, the others determine the hexagon up to similarity, and in this case 74 < 16. So case C is impossible.
Part II
We now assume that no two vertices adjacent to a third vertex are d, apart, and that 14 is the unique d, segment in (4, 5, 6, 7, 1): see Fig. llD , as required by Lemmas 1 and 2. We divide Part II into three cases according to potential lengths for 45. sides d,, d, and  d, where d, meets d,. Then 4465 = 0 and 4165 = 8, a contradiction. We conclude that 45 < d, and symmetrically (see Fig. 11D ) that 17 < d,.
Case B: 45 = d,. This gives Fig. 11F with 17 E (d,, d4} . We consider the possibilities for 17. Fig. 11D gives an approximate picture, with 16 E {d,, d We continue case C with 45 = 17 = d, and 16 = 46 = d,: see Fig. 12A , with 1, 7, 6, 5 and 4 on a circle, say 0,. This will induce R, -1 and R, -2, but nothing else in M, (4) .
Assume for definiteness henceforth in Part II that 2 is left of I r4 with 12 < 24 Q d, since 24 # d, by hypothesis. We consider 2 when 12 = d, and then when 12 = d,. = d, * 27=d,,  26=24=d,,  25=d ,.
Because 14 lies on I 27, the center of 0, is at the intersection of 14 and I ,4. We also have 4275 = ?r/2 and a164 = rr/2, and it follows that (2, 1, 7, 6, 5, 4) is the instance of R, -2 in which the two vertices removed from R, are adjacent. By 
Part III partition
The preceding proofs show that the only members of M,(4) that satisfy the hypotheses of Part I or Part II are R, -1, R, -2,, R, -2, and R, -2 ,. For Part III we assume that nothing in {13, 24,. . . , 72) is d, and no 5-gon of consecutive vertices has a d, side that is the only d, segment in the 5-gon. With no loss of generality assume 14 = d, and, for the 5-gon requirement, that 15 = d,. There may be other d, segments, so we consider exhaustive cases as follows: Fig. 12E ) and there may be other d, segments. We shall argue that cases A, B and C do not contribute to M, (4) and that case D adds only R, -2, to the four others in M, (4) .
Case III-A
Suppose with m(C) = 4 that only 14 and 15 are d, segments. Remove vertex 1 to get a hexagon in M, (3) , which could only be A,, R, or R, -1. It is easily seen to be impossible to add a seventh vertex to anything in M,(3) that is equidistant from a pair of adjacent vertices and adds only one new (and longest) distance to the other three. So the hypotheses of this case cannot occur.
Case III-B
Suppose m(C) = 4 and the d, segments are 14, 15,36 and 37. Remove 1 and 3 to get a pentagon in M, (3) , which by the proof in the preceding section must be one of (5.1) through (5.15) on Fig. 2 . Examination of each of these shows that it is impossible to add two vertices in the manner of 1 and 3 of Fig. 12C . More specifically, if a line through (5.k) cuts off one vertex from the other four, and if two points on this line are equidistant with the same new longest distance from pairs of those four in the manner of Fig. 12C , then either the resulting figure violates convexity or a second new distance arises. Hence III-B is impossible.
Case III-C
We assume that 14, 15 and 57 are d, segments. Since the pattern in Fig. 12E Case III-D2. Given 26 = d,, 37 d d, and 36 < d,, (d,, d,, d2 ). It follows that 24 1115 1167, hence that 12 < 13, so 12 = 45 = d,: see Fig. 13A. Suppose 24 = d,. Then 1, 2, 3, 4 and 5 are on a circle whose center lies on I r5 between 14 and 15, and I 23 goes through the center and to the left of vertex 6. Since we would have 56 = d, if 36 were d, instead of d, Case III-D4. Our final supposition is that all seven diagonals whose end points are not adjacent to a third vertex are d, segments. Each side is d, or d,, and each non-d, diagonal is d, or d,. The latter must be d, if either side in its outer triangle is d,. We divide the proof of III-D4 according to the maximum number s of consecutive d, sides. This completes our analysis of case III-D, hence of Part III, and proves that M,(4) contains exactly the five heptagons of Fig. 10 .
Discussion
We have completely specified the set M,(t) of all convex n-gons with exactly t intervertex distances for t = n/2 when n is even and for (n, t) E ((5, 3), (7, 4)). Our results imply that every n > 7 has a largest nonnegative integer f(n) such that every convex n-gon with no more than [n/2] + f(n) intervertex distances is a regular A main open problem is to determine f(n) for all n > 9. For even n, an upper bound on f(n) is suggested by generalizing A, in Fig. 1 . By interweaving the vertices of two copies of R, with the same center but different diameters we obtain a 2N-gon A,, for 
